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Question 1 (Unit B1) - 25 marks 


(a) (i) Evaluate f izdz, where Ty : y(t) = e” (t € [-r, T/2]). 
Tri 


(ii) Evaluate f izdz, where T2 : y2(t) = —1 + (1 + i)t (t € [0,1]). 
T2 


(iii) Use your answers to parts (a)(i) and (a)(ii) to prove that the 
function f(z) = iZ cannot be the derivative of an entire function. 


(b) Evaluate the following integrals, where [ is any contour from —7 to i. In 
each case you should give your answer in Cartesian form and justify 
your method fully. 


(i) i zsinh(z”) dz 
(ii) f zsinh z dz 


(c) Use the Estimation Theorem to find an upper estimate for the modulus 
of the integral 


| ze — 223 
5 ENE oa 
where [ is the upper half of the circle {z : |z| = 2}. 


Question 2 (Unit B2) - 25 marks 
(a) Evaluate the integral 
Cos TZ 
[ue 
when C is each of the following circles. 
G) COC Sfe 2 |e— 26) =} 
ü) C={z:|z|=1} 
Gi) C = {2z : |z| = 3} 


(b) Suppose that f is an entire function and K is a positive constant such 
that 


IFD < Klz|, for all z EC. 
(i) Let a€C and R>0. Prove that if |z| = R, then 


f(z) RK 
(2-—a)?| ~ (R— al)?’ 


2 
(ii) Use Cauchy’s First Derivative Formula, the Estimation Theorem 
and part (b)(i) to prove that if a € C and R = 2|a| + 1, then 

R?K 
(j= ae 
(R —|al)? 


(iii) Use Liouville’s Theorem to deduce from part (b)(ii) that f(z) = cz, 
for some constant c. 
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Question 3 (Unit B3) - 25 marks 
(a) Determine the disc of convergence of the power series 
oo 2 
n > 
bi mE — 2i)”. 
n=1 


(b) Let f(z) = Log(2i — z). 


Use Taylor’s Theorem to determine the Taylor series about i for f, up 
to the term in (z — i)?, and find an open disc centred at i on which the 
series converges. 


(c) Find the Taylor series about 0 for each of the following functions. 
(i) f(z) =e(1+sinz) (up to the term in 2°) 
(ii) f(z) =Log(e* +sinz) (up to the term in 24) 
(d) Locate the zeros of the function 
F(z) = 272? + De’, 
and find their orders. 
(e) Prove that if f is an entire function and 
flit) = —t? cost, for t>0, 
then 


f(z)=2coshz, forze€C. 


Question 4 (Unit B4) - 25 marks 
(a) Locate the singularities of the function 
z 
La 1—cosz’ 


and classify each singularity as a removable singularity, a pole (giving 
its order) or an essential singularity. 


(b) Find two Laurent series about 0 for the function 
5 
(2z —3)(z+1)’ 
one on {z : |z| < 1} and the other on {z : |z| > 3/2}, in each case giving 
all non-zero terms anz” for —3 <n < 3. 
(c) Let f(z) = (z + 1/z) cos (1/z). 


(i) Find the Laurent series about 0 for f, giving the analytic part and 


the singular part as far as the term in z~?. 


ies 


State the annulus of convergence of this Laurent series. 
(ii) Determine the nature of the singularity of f at 0. 


(iii) Evaluate 
| (z + 1/z)cos (1/z) dz, 
C 


where C = {z : |z| = 4}. 
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